
2o Chapter 1: Numbers, Sets, and Functions

When ,r, -I' are both nonnegative, both sides equal x * y. When r, -v-rre both nonpositive, both sides equal -,r _ ,v. When .r, y have opposite
;igns, we may assume that x > 0 > ,v. The inequality then holds because

lx*. l l  :max{ l* .y,-x-)}  < x_y:  l . r l  + l ,v l .  I

Finding a way to avoid analysis by cases can read to deeper under-
;tanding of a problem or method. Many questions related tL absolute
ralue and distance are best understood by studying squared distance.

The use of sets facilitates analysis by cases. The word ,,or,, corre-
iponds to union of sets, and the word "andi' corresponds to intersection.

)hecking answers.
Checking answers can expose errors in reasoning. When finding a

;eneral answer, one should check it in special .u"".. when a formula
lescribes areas or lengths (as in Exercise 1g), the resulting values must
re nonnegative. we recommend checking answers for reasonableness;
Low to do this depends on the problem.

TXERCISES

words like "determine", "show", "obtain", or "construct" include a request
r justification; these are very similar to "prove". Answers to problems in this
Dk should be given full explanations. Explanations includ u r"nt"r""ri,;reasoning
nnot be explained without words.

Easier problems are indicated by ..(-)", harder problems by ,,(+),,. Those
signated "(!)" are particularly interesting or instructive.

t. 
-(-l 

w"}ave many tables and many chairs. Let r be the number of tables,
d let c be the number of chairs. write down an inequality that means ,,we have
least four times as many chairs as tables."
l. (-) Fill in the blanks. The equation x2 + hr f c : 0 has exactly one solution
en ------.----, and it has no solutions when

, (-) Given that -r * .r : 100, what is the maximum value of x.y?

' (-) Explain why the square has the largest area among all rectangles with
ven perimeter.

(-) consider the celsius (c) and Fahrenheit (F) temperature scales.

10 15 20 25 30
59- 68 77 86

less the sentence "Thc turnpt '*r t . t r r t 'wrrs l0 o . r r<l  i r r t . r t , i rs<r l  l ry 2o o".s i 'g
lahrcnhcit scalt ' .

(  )  nt .  r r  g iVcrr  l l r ' r r ln l ,  lcr  /  : r r r r l  ,  r r r ,  l l r r . r , : r l r r ls  o l  l l r r .  l r . r r rpr . r . ; r l r r r . r , , r r
' i r l rn ' i l l r . i l  : r r r r l  ( ' r ' l r i r t ;  r ; r ' ; r l r . r ; ,  r . r , r ;gr . r . l r ' r , l r ,  ' l ' l r r .sr .  r , ; r l r r r , : r  ; r r . r l  r . , .1;r l r . r l  l r r .

l,lxercises

| : (915)c + 32. At what temperatures do the following events occur?
a) The Fahrenheit and Celsius values ofthe temperature are equal.
b) The Fahrenheit value is the negative ofthe Celsius value.
c) The Fahrenheit value is twice the Celsius value.

1.7. (-) The statement below is not always true forx, y e 1R.. Give an example
rvhere it is false, and add a hypothesis on .y that makes it a true statement.

"If x and .y are nonzero real numbers and x > .v, then 1-llx) . (-\/y)l'

1.8. (!) In the morning section of a calculus course, 2 of the 9 women and 2 of
the 10 men receive the grade of A. In the afternoon section, 6 of the 9 women
irnd 9 of the 14 men receive A. Verify that, in each section, a higher proportion of
women than of men receive A, but that, in the combined course, a lower proportion
o{'women than of men receive A. Explainl (See Exercises 9.19-9.20 for related
t'xercises and Example 9.20 for a real-world example.)

1.9. (-) If a stock declines 20o/o in one year and rises 23%, in the next, is there a
rret profit? What if it goes up 20o/o in the first year and down 187o in the next?

1.10. (-) On July 4, 1995, the New Yorh Times reported that the nation's uni-
versities were awarding2SoL more Ph.D. degrees than the economy could absorb.
'lhe headline concluded that there was a 1 in 4 chance of underemployment. Here
"underemployment" means having no job or having a job not requiring the Ph.D.
degree. What should the correct statement ofthe odds have been?

1.11. (-) A store offers a 157o promotional discount for its grand opening. The
clerk believes that the law requires the discount to be applied first and then the
tax computed on the resulting amount. A customer arg'ues that the discount
should be applied to the total after the \Vo sales tax is added, expecting to save
more money that way. Does it matter? Explain.

f .12. (-) A store offers an "installment plan" option, with no interest to be paid.
There are 13 monthly payments, with the first being a "down payment" that is
half the size of the others, so payment is completed one year after purchase. If a
customer buys a $1000 stereo, what are the payments under this plan?

f .f 3. (-) Let A be the set of integers expressible as 2k - 1 for some k e Z. Let B
be the set of integers expressible as 2k * l for some k e Z. Prcve that A : B.

1.14. (-) Let a,b.c,11 be real numbers with a < b < r' < tl . Express the set
[a, b] U [r', d] as the difference of two sets.

1.15. (-)  Forwhatcondi t ionsonsets A and Bdoes A -  B:  B -  A hold?

1.16. (-) Starting with a single pile of 5 pennies, determine what happens when
the operation of Application 1.14 is applied repeatedly. Determine what happens
when the initial configuration is a single pile of 6 pennies.

1.17. (-) What are the domain and the image of the absolute value function?

1.18. ( ) Dctcrrnine which real numbers exceed their reciprocals by exactly 1.

l . l ! ) .  Wlr : r t .  l r r t ' l , l r r . t l i r r r t 'nsiorts ol ' r r  r tc l . r r r tgtr l : t r  t ' r t t 'pr . t ,  rv i l , l r  pt ' r i r t tc l . t , r ' . '1 l l  [ i t t ,  i r t r r l
t r r r , l r  lOf i  s( l l r : r r ' ( , l i ' r ' t '1 ( i iv t . r r  Posi l ivc t t r rnr l rct 's  / , ; tnt l , r .  t t t t t l t ' t ' rv l t : t l  lot t t l i l iot ts
r lo ls l l r t r l  r ,x is l  ; r  tccl ; rn l i t t l ; t t ' r ' ; t t 'Jr l l  rvt l l r  ; r r ' t  t t t tc lct  / t l t t t r l  : t t t ' : t  , r ' '
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22 Chapter 1: Numbers, Sets, and Functions

1.20. suppos e that r and s are distinct real solutions of the equati on ax2 + b x + c :
0. In terms of a, b, c, obtain formulas for r + .r and rs.

1.21. Let a, b, c be real numbers wit]n a I 0. Find the flaw in the following "proofl'
that -b l2a is a solution to ax2 + bx * t: : 0.

Let x and -y be solutions to the equation. Subtracting a1,2 + bv * c : 0 from
ax2 + bx * c : 0 yields a(x2 * )2) + h(x - y) : 0, which we rewrite as a(x f
.y)( . r  -  ) )  +b(x -  y)  :  0.  Hence a(x *y)  - t  b :  0,andthus x - t  y :  -b/a.
since -r and y can be any sclutions, we can apply this computation letting .y
have the same value as x. With.y : -r, we obtain 2x : -bla, or x : -b/(2a).

1.22. we have two identical glasses. Glass 1 contains r ounces of wine; grass 2
contains r ounces of water (r > 1). we remove 1 ounce of wine from glass 1 and
add it to glass 2. The wine and water in glass 2 mix uniformly. we now remove 1
ounce of liquid from glass 2 and add it to glass 1. Prove that the amount of water
in glass 1 is now the same as the amount of wine in glass 2.

1.23. A digital 12-hour clock is defective: the reading for hours is always conect,
but the reading for minutes always equals the reading for hours. Determine the
minimum number of minutes between possible correct readings of the clock.

1.24. Three people register for a hotel room; the desk clerk charges them $80.
The manager returns and says this was an overcharge, instructing the clerk to
return $s. tne clerk takes five $1 bills, but pockets $2 as a tip and returns only
$1 to each guest. Ofthe original $30 payment, each guest actually paid $9, and
$2 went to the attendant. What happened to the "missing" dollar?

l-25. A census taker interviews a woman in a house. "who lives here?" he asks.
"My husband and I and rpy three daughters," she replies. "what are the ages of
your daughters?" "The product oftheir ages is s6 and the sum oftheir ages is the
house number." The census taker looks at the house number, thinks, and says,
'You haven't given me enough information to determine the ages." ,,Oh, you're
right," she replies, "Let me also say that my eldest daughter is asleep upstairs."
"Ah! Thank you very much!" What are the ages of the daughters? (The problem
requires "reasonable" mathematical interpretations of its words.)

1.26. (+) TVo mail carriers meet on their routes and have a conversation. A:
"I know you have three sons. How old are they?" B: ,,If you take their ages,
expressed in years, and multiply those numbers, the result will equal your age""
A: "But that's not enough to tell me the answer!" B: "The sum of these three
numbers equals the number of windows in that building.', A: ,,Hmm 

[pause]. But
it's still not enoughl" B: "My middle son is red-haired.,, A: ..Ah, now it,s clear!"
How old are the sons? (Hint: The ambiguity at the earlier stages is needed to
determine the solution for the full conversation.) (G. p. Klimov)

1.27. Determine the set of real solutions to lxle + 1)l < 1.

1.28. (!) Application of the AGM Inequality.
a) Use Proposition 1.4 to prove that x(c - x) is maximizcd when .r : r./2.
b) For a > 0, use part (a) to find the value of v m:rximizing y(r. - ay).

1.29. Let x, ,y,:  be nonncgativrr rcal numllcrs su<:lr l , l r :r l ,  r ,  I
( - r  * .v ' l  : )2 

-  
4.r  |  4r , : .  l ) r ' l , r . r r r r in<'wlrcr t  r r l r r : r l i l , .y  l ro l r ls .

2.  l t rovc t , l r r l

Exercises 23

1.30. (!) Let "r, _y, u, u be real numbers.
a) Prove that (xu *.yu)2 < (x2 + y2)(u2 + u2).
b) Determine precisely when equality holds in part (a).

1.31. (+) Extensions of the AGM Inequality.
a) Prove thaL 4ryzu < x4 + y4 + z4 + ura for real numbers x, y,z, u. (Hint:

Use the inequality 2tu < t2 + a2 repeatedly.)
b) Prove that Sabc < a3 + bB + cB for nonnegative a,b, c. (Hint: In the in-

equality ofpart (a), set u equal to the cube root of,ryz.)

1.32. (!) Assuming only arithmetic (not the quadratic formula or calculus), prove
that{x e IR.:  x2 -2x -3 < 0} :  {x e IR: -1 <r < 3}.

1.33. LetS: {(x,))  e N2: Q-xtQ+)) '2(y-x)} .  
ProvethatS:7,where

7 :  t (1,1),  (1,2),  (1,3),  (2,1),  (3,1)) .

1.34. LetS: {(r , ) )  e IR2: t1-x)11 -})  > 1-x -y} .  Giveasimpledescr ipt ion
of S involving the signs of r and y.

1.35. (!) Determine the set of ordered pairs (x, y) of nonzero real numbers such
thatxly- ly lx>2.

1.36. Let S : t3l x [3] (the Cartesian product of {1,2,3} with itself). Let T be the
set of orderedpairs (,r, y) e Z x Z such that 0 < 3x * ) - 4 < 8. Prove that S c 7.
Does equality hold?

1.37. Determine the set of solutions to the general quadratic inequality ax2 +
bx I c < 0. Express the answer using linear inequalities or intervals. (Use the
quadratic formula; the complete solution involves many cases.)

1.38. LetS: {r  € lR: x(x-1)(x-2)(x-3) < 0}.  LetZbetheinterval(0,  1) ,and
let U be the interval (2, 3). Obtain a simple set equality relating S, T, U .

1.39. ( ! )Givenn e N, let  at ,a2. . . . ,a, ,berealnumberssuchthat a7<u2<,. . . {ot t .
Express {x e IR.: (,r - ar)(x - a)... (x - a,) < 0} usingthe notation for intervals.
(For convenience, use (-oo, a) to denote {x e IR: r . a}.)

1.40. Let A and B be sets. Explain why the two sets (A - B) U (B - A) and
(A U B) - (A n B) must be equal. Check this when A is the set of states in the
United States whose names begin with a vowel and B is the set of states in the
United States whose names have at most six letters.

f .41. (-) Let A, B, C be sets. Explain the relationships below. Use the definitions
of set operations and containment, with Venn diagrams to guide the argument.

a)ACAUB,andA.BCA.
b)A-BCA.

d)AcBandBcCimplyAcC.
e)A.(B.C):(AnB)nC.

c) Aa B :  B a A,andAu B :  Bu A. f )  Au(Bu C) :  (AUB)UC.

1.42. Let /  :  {January,February, . . . ,December}.  Given x e A, let  l (x)  bethe
number of days in x. Does I define a function from A to N?

1.43. (-)  LetS: {(r ,  y)e R2: 2r*5r,  < 10}.  GraphS. Explainhowtheanswer
t' lr:rngcs wht-.n the constraint is 2x * 5.v < 10.

1.44. ( . \  Lct , \  -  { ( r . r , ) r  l f l l2:  r2 |  r ,2.  1001. LetT: {( ; r , .y)e lR2:x*y.14}.
i r ) ( i r l rp l r  , l  t t ' / .

l r ) (  lorrrr l  l l r r '1roinl ,s in ,T t I  ' /  wlrosc coorr l i r r : r l . r 's  : r r< ' l rot , l r  i r r tcg<'rs.



2' l  (  , r l r r r r r , r .  
r :  Nrrrrrrrr , r .s,  sr , r : i ,  ; r r r r r  r , , r r r r r . r rorrs

l '45'  (  )  l ) . t ' t ' r t t t i r r .  wlr . l ' l r t ' r  l l r .  r ' r r l .s  l r r , l rw <lr , l i r r r ,  l i r . r . l . i , r rs l i . , r r r  l l (  l , lh i .a) / (" t )  : l r  I l i1. ,  4 i r r r r l  / ( r )  l r l  l i t . r  .2.b.)1("r) : l . r - l l iJ  , :2, , , , . t  / r , r : i , l  r i l . r  L
2). f f*l : ((x * B)2-- 9) / r ir., 7 0 ,,., j'/ ( r ) : 6 it. r : 0.d)/(x) :  ( ( j_+ s),  -s)) /*  i f  r ,0." i i r . . r :  r , i  6 i t . r  < z.e) f  (x) :  nFi f  x >2,. l .e) : , r i fO5 , .4,and.1.(r) :_r for . r  <0.

1.46. Determine the ia) r(x): -,ia'l$tfes 
orthe *"TlT;i:o,rir\i:ff:". as ronows:

r .47. Let l :  N x N 
-, I1" d: f i : :d by . f  (a,b):  @ + r)(a +2b)/2.a) Show that the image of .1. i, .o"i"i.r# i., ro.b) (+) Determine 

""ar1lv wiri.h;;;;;ilumbers are in the image of l'. (Hinr:Formulate a hypothesis ly tiyl"g 
""i*Jj-"'

I 1t; 3'ffiil:Ti,ffi.:"r'#,:.r:tfl" runction.r: r0, 1t --+ r0, 1t denned by f @) :
l'4s' (!) Let./ and.s b-e functions from R to 

5, 
For the sum and product of /and 8 (see Definition 1.2b), determine."rri.rr".r"r"-ents below are t-rue. If true,O"out-d.'1? proof; if false, provide 

" "o.rrrt"r"*u*pt".a, rr / and g are bounded. then ,f + S is bounded.b)_If / and g are bounded, then fg i.'b",;rrO"a.
!) {f + g is bounded, then / 

""a", """"ilunded.d) It f s is bounded, then / il ;;";;,i"d"a.e) Ifboth,f * g and yg aiel"""a"a, tl"ll and g are bounded.

it?'"i[T#il:T"*ilitlr"l.'runction r,tet r(s): tr(x):-r e s]. Let c and
3] lry that ./{c n Dt c" f (c t. I(D.o, Glve an example where equality ao", not hold in part (a).

,i:'rmn.|; 
t.-" 

and s c B, we define l/(s) = lx e A: f (x) e,s]. Let X and
a) Determine whether ,l l{. l f) must equal lr(X) U If (y).b) Determine whether It(X a f) musi 

"q=""f 
l, fXl a Ir(y).{int: Explore this using th"',f"*;ii';;.1"1].rrurro., described in Remark 1.22.)

,52. Let M and 1V be nonnegative real numbers. S,uppose that lx * yl < M and.vi < N' Determine the maximum po".iti;;;;e of x as a function oi u and u.
53. Solve Application 1.Bg by using inequalities rather than graphs.
54. (!) Let S - {(.r, y) e Ip, J = .r and "r * By , 8 and x < g}.a) Graph the set S.

b) Find the minimum value of -r * y such that (.r, y) e S. (Hint: On the graphrm part (a), sketch the level sets of the fun.* f defined by -f (, , y) : x * y .)
t6' (+) Let F be a field consisting of exactly three- elements 0, l, -r. prove thatF 'r = 1 and that x 'x : r. obtain"the .aJitL" 

"rra 
multiplication tables for F.

'li"lll"f.ln"re 
a field with exac,v four elements? Is there a field with exac,v

Chapter 2

Language and Proofs

understanding mathematical reasoning requires familiarity with the
precise meaning of words like "every", "some", ,,not", ,,and.'r 

rrrorrr retc.; these
arise often in analyzing mathematical problems. Relevant aspects of lan-
guage include word order, quantifiers, logical statements, and logical sym-
bols. With these, we can discuss elementary techniques of proof.

TWO THEOREMS ABOUT EQUATIONS

we begin with two problems that illustrate both the need for careful
use oflanguage and the variety oftechniques in proofs.

2.1. Definition. A linear equation in two variabres x and y is an equa-
tion ax * by : r, where the coefficients a,b and the constant r are
real numbers. A line in lR2 is the set of pairs (x, y) satisfying a linear
equation whose coefficients a and b are not both 0.

Geometric intuition suggests three possibilities for a pair of linear
equations in two variables. If each equation describes a line, then the
lines may intersect in one point, may be parallel, or may be identical.
The equations then have one, none, or infinitely many common solutions,
respectively. we can analyze this without relying on geometric intuition,
because we have defined "line" using only arithmetic of real numbers.

-x i2y:2
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